In this paper, we consider a dual-hop wireless powered communication network (DH-WPCN) with a full duplex (FD) hybrid access point (HAP), which can transmit energy to the energy-constrained relays and receive information from the users assisted by the relays simultaneously. Under the setting, we propose an efficient relaying scheme, following which a relay can always harvest energy from the HAP only except the time slot that it forwards the user's information to the HAP. After that, we investigate the system throughout maximization problems for both cases that the relays adopt the amplify-and-forward (AF) mode and the decode-and-forward (DF) mode. To obtain the optimal time allocation between the downlink energy transfer from HAP to relays and the uplink information transmission from users to HAP, we then propose a low-complexity algorithm to solve the formulated problems. Moreover, we prove that the DF mode leads to a higher system throughput than the AF mode theoretically. Simulation results demonstrate the superiority of the proposed scheme compared with the benchmark schemes.
I. INTRODUCTION
The recent development in wireless sensor networks (WSNs) has enabled the applications of Internet of Things (IoT) throughout our lives. However, the lifetime of energyconstrained IoT devices (e.g., sensors) is limited since the devices are typically powered by batteries with finite capacities. Hence, prolonging the lifetime of IoT devices is still a challenge for the practical applications of IoT. Currently, radio frequency (RF)-based wireless power transfer (WPT) has been emerging and considered as an effective way to supply sufficient power for IoT devices [1] - [5] .
In the RF-based WPT domain, wireless powered communication networks (WPCNs) have recently been proposed [6] - [8] . In a WPCN, there are typically a hybrid access point (HAP) with fixed energy sources and multiple users with The associate editor coordinating the review of this manuscript and approving it for publication was Prabhat Kumar Upadhyay . rechargeable batteries. In [6] , the authors proposed that the users first harvest energy from the signals radiated by the HAP in the downlink (DL) and then use the harvested energy to transmit information to the HAP in the uplink (UL) following the harvest-then-transmit (HTT) protocol. The authors in [7] extended the model proposed in [6] by employing two antennas at the HAP, where one antenna is used to broadcast energy and the other antenna is used to receive information simultaneously. In [8] , a multi-input multiple-output (MIMO) WPCN was considered, for which energy beamforming and receive beamforming were further designed to achieve multiplexing gains.
Relay cooperation has been studied in [9] - [16] to assist the information or energy transmissions in WPCNs, which is an effective way to enhance network performance. In [9] , a dedicated relay was involved in a single-user WPCN, where both the user and the relay first harvest energy from the HAP and then cooperatively transmit the user's information to the HAP. In [10] , a relay with dual roles was considered, which can both forward energy from the access point to the user and deliver information from the user to the access point. In [11] , the authors considered a two-user scenario, where the user with better channel condition not only transmits its own information but also operates as a relay node to assist the information transmission of the user with worse channel condition. Different from [11] that both users adopted the HTT protocol, the authors in [12] considered that one user adopts the HTT protocol and the other user transmits information passively, and further designed energy beamforming to enhance system performance. However, the relays considered in [9] - [12] were all operated in the half-duplex (HD) scheme, which limits the system performance.
To improve the spectrum efficiency, full-duplex (FD) relaying was studied in [13] - [15] . The work in [13] investigated a FD-relay communication system with the time switching protocol, following which the transmission block is divided into an energy harvesting phase and an information transmission phase. During the information transmission phase, the relay can receive and transmit information simultaneously. Different from [13] , a FD-relay was designed in [14] to harvest energy from the source node and forward information to the destination node simultaneously. In [15] , the authors studied a FD-relay with the power splitting protocol. Under the power splitting protocol, the received signal at the relay was split for both energy harvesting and information decoding, and the harvested energy was then used for powering information forwarding.
It is noted that [9] - [15] all focused on the single relay scenario. In [16] , the authors exploited multiple relays in WPCNs, where the HAP first broadcasts energy to all relays and then receives each user's information forwarded by its relay via time division multiple access (TDMA). However, since the HAP in [16] adopted the HD scheme, the relays can only harvest energy during a dedicated time slot, which limits the amount of harvested energy. Hence, the energy and communication efficiency cannot be maximized.
In this paper, we exploit the FD scheme in a dual-hop WPCN (DH-WPCN) to enhance system performance, which consists of multiple wireless sensor networks (WSNs) around an HAP. In each WSN, an RF-powered relay is deployed between the user and the HAP to assist the information transmission. In particular, we employ an FD-HAP that can transfer energy to the relays and receive information forwarded by the relays simultaneously. Unlike the prior works in [13] - [15] which employed the FD-relays, the FD-HAP is easier to be implemented in WPCNs [7] . Since multiple relays are employed, the users (WSNs) can be deployed flexibly to meet the requirement of network converge for IoT. Different from the works in [7] , [17] , [18] , we focus on the dual-hop communication scenario, for which the time scheduling of energy harvesting and information transmission is more complicated. The main contributions of this paper are summarized as follows. • We propose an efficient relaying scheme in a DH-WPCN as shown in Fig. 1 , where the FD-HAP is employed to broadcast energy to all energy-constrained relays in DL and receive users' information via relays powered by the harvested energy in UL simultaneously. Under this setting, the relays which transmit information via TDMA can always harvest energy from the HAP when they do not forward their users' information to HAP. Therefore, the energy harvesting time of relays can be significantly extended and the achievable rates of the hops between the relays and HAP can be thus improved, which leads to the enhancement of energy and communication efficiency.
• We consider two cases that the relays work in the amplify-and-forward (AF) mode and the decode-andforward (DF) mode, respectively. For each case, we first characterize a system throughput optimization problem by investigating the time allocation between the DL energy transfer and UL information transmission. Then, we propose a low-complexity algorithm to obtain the optimal solution. We further prove that the performance of the DF mode is always superior to that of the AF mode theoretically.
• Through numerical results, we compare the system performances of the proposed schemes and benchmark schemes and show that the FD scheme with DF mode can always achieve the best system performance. In particular, we investigate the effect of interference at relays on system throughput if the AF mode is adopted, and conclude the scenarios in which the FD scheme with AF mode is preferred to be applied.
II. SYSTEM MODEL
As shown in Fig. 1 , we consider a DH-WPCN, which consists of one HAP and K WSNs. Each WSN has one user and one relay, which are denoted by U i and R i (i = 1, . . . , K ), respectively. The HAP is equipped with two antennas and the other devices are equipped with single antenna. We assume that there are no direct links between the HAP and the users following [13] - [15] , and R i is exclusively used for forwarding the information from U i to the HAP. 1 The HAP and the users are with stable energy supply, but the energy-constrained relays need to harvest energy from the HAP. Following [16] , we further assume that the channels between the HAP and R i and the channels between R i and U i are reciprocal. We denote h i and g i as the channel coefficients from the HAP to R i and from R i to U i , respectively. The information about all channels is assumed to be available at the HAP and the relays. The HAP works in the FD scheme, where one antenna is used for broadcasting energy with P h over the entire block and the other antenna is used for receiving information from users simultaneously. The block structure for the UL communication is illustrated in Fig. 2 , where the duration of the time block is normalized to one without loss of generality. The time block is divided into K + 1 slots with duration of τ i , ∀i. τ 0 is used for the dedicated DL energy transfer, and τ i , i = 1, . . . , K , is used for both UL information transmission and DL energy transfer. We consider that the users transmit information to the HAP assisted by the relays via TDMA. During τ i , U i first transmits information to R i with τ i /2, and then R i forwards U i 's information to the HAP with the remaining τ i /2. 2 Moreover, R i cannot harvest energy during τ i because they each only has single antenna, whereas the other relays can harvest energy from the HAP during the same slot.
In this work, we do not consider the discharge characteristics of the batteries for all relays. Considering the network is sparse, i.e., the distance between R i and other users or relays are larger, the harvested energy by R i from other users or relays is quite small and can be negligible [16] . Hence, we assume that R i can only harvest energy from the HAP. The harvested energy by R i from the HAP is expressed as [7] 1 We consider a sparse network setting in which the distance between U i and R i is quite smaller than that between U i and the other relays. To guarantee the quality of information forwarding, we consider that the information from U i to the HAP can only be forwarded by R i . 2 Following the common assumption in relay systems [10] , [16] , we assume the equal time allocation between the first and second hops. In our future work, we will consider the general case that the first and second hops are assigned with different time durations.
where i = 1, . . . , K , and η r,i is the energy harvesting efficiency of R i .
Compared to the transmit power of R i , its circuit power consumption is quite small and can be negligible for simplicity [10] , [14] , [16] . Hence, the harvested energy of R i is only used for forwarding U i 's information to the HAP during τ i . The average transmit power of R i is thus given by
Following [10] , we consider that all relays have the initial energy such that information forwarding can be activated based on the initial energy before energy harvesting. Moreover, since the transmission blocks are consecutive, the relays always use the previous harvested energy to forward information. Hence, (2) satisfies the energy-causality constraint.
During the first half of τ i , U i transmits signal x u,i with power P u,i to R i , where x u,i ∼ CN (0, 1). Hence, the received signal at R i is expressed as
where
A. AMPLIFY-AND-FORWARD MODE
We first consider the system that the AF mode is adopted at R i . Therefore, R i amplifies the received signal from U i and forwards it to the HAP directly. The received signal at the HAP during τ i is given by
is the noise at the HAP, and the factor P u,i |g i | 2 + P h |h i | 2 + σ 2 r,i is used to control the transmit power by R i [19] . We assume that the HAP decodes the received signal by employing self-interference cancellation (SIC) techniques [20] , [21] . Hence, the HAP first subtracts the interferences from the received signal and then decodes the desired signal. The SNR, denoted by γ a,i , is given by
The achievable throughput from U i for the case with AF mode is given by
).
B. DECODE-AND-FORWARD MODE
In this subsection, the DF mode is adopted at R i . The interference cancellation techniques are also employed here to cancel the interference at the relays. After interference cancellation, the SNR at R i , denoted by γ r,i , is denoted by
We consider that if R i succeeds in decoding its received signal y r,i , it would forward its decoded outcome x r,i to the HAP during the last half of τ i , where x r,i ∼ CN (0, 1). The received signal at the HAP during τ i is expressed as
The SIC techniques are employed to cancel the interference at the HAP. The SNR, denoted by γ d,i , is given by
. The achievable throughput from U i for the case with DF mode is formulated as
) are the throughput from U i to R i and the throughput from R i to the HAP, respectively, and R r,i = log 2 (1 + γ r,i ).
III. THROUGHPUT MAXIMIZATION
In this work, the optimal time allocation strategies are proposed for maximizing the UL communication throughput for both AF and DF modes. Denote τ = [τ 0 , τ 1 , . . . , τ K ]. We first introduce the time allocation constraints that need to be considered, which are given as follows
A. THROUGHPUT MAXIMIZATION FOR AF MODE
From (6), we formulate the optimization problem as follows
It is easy to prove that a,i is an increasing function with respect to τ i . Hence, the constraint in (11) can be equally transferred to
According to (13) , a,i is rewritten as
and Problem P1 is then reformulated as (13) .
(P2)
Lemma 1: Problem P2 is a convex optimization problem. proof 1: Please refer to Appendix A. According to Lemma 1, the Lagrangian duality method can be used to solve Problem P2 efficiently [22] . From Problem P2, its Lagrangian is given by
where λ is the Lagrangian multiplier associated with the constraint in (13) . The dual function of Problem P2 is given by
where D a is the feasible set of τ determined by (12) . Then, the dual problem is given by min λ G(λ). The Lagrangian L a (τ , λ) can be rewritten as
With a given λ, L a,i defined in (17) is only with respect to τ i , i = 0, 1, . . . , K . (16) can be thus decomposed into K + 1 independent optimization problems, each of which is given by
where i = 0, 1, . . . , K . Denote the maximizer of L a,i (τ i , λ) as {τ i } K i=0 with a given λ, which is given in the following theorem.
Theorem 1: With the given λ,
where To minimize G(λ), the sub-gradient method can be used to update λ [23] . Denote the sub-gradient of G(λ) as ν λ , which is given by
and λ is updated as follows
where α (j) λ is the step size at the jth iteration. According to [24] , λ can converge to the optimal solution if the step size is set to be sufficiently small, e.g., α
Denote the optimal solution of Problem P2 as τ
with the optimal dual solution λ * , and τ * 0 = 1 − K i=1 τ * i . An algorithm for solving Problem P2 is summarized in Algorithm 1. Due to that the computational complexity of the sub-gradient method is linear and the convergence is achieved after a limited number of iterations, the complexity of Algorithm 1 is O(K ) [25] .
Algorithm 1 The Algorithm for Solving Problem P2
1: Initialize λ (1) according to its feasible set and calculate {τ i } K i=0 by (19) and (20) . Let λ * = λ (1) and G (1) min = G(λ (1) ) with j = 1. 2: repeat 3: Set α (j) λ , and compute ν λ according to (21) .
4:
Update λ (j+1) according to (22) , where i = 1, . . . , K .
5:
Compute {τ i } K i=0 by (19) and (20) . 6: Update the current optimality G (j+1) min = min{G j min , G(λ (j+1) )} and λ * . 7: j ← j + 1. 8: until convergence is achieved. 9: Obtain τ * i , i = 1, . . . , K by (20) with λ * . 10: Obtain
For the case with AF mode, the system throughput is affected by the interference from the HAP at the relays. If the interference power at R i is comparable with that of the signal from U i , the system throughput will degrade seriously. We will show the interference effect on system performance in Section V.
B. THROUGHPUT MAXIMIZATION FOR DF MODE
To avoid the effect of interference at the relays from the HAP, the DF mode is adopted. To study the optimal time allocation strategy, the optimization problem is formulated as (12) .
(P3)
For Problem P3, the constraint in (13) is also satisfied. Since
Therefore, Problem P3 is reformulated as
Similar with Problem P2, we use Lagrangian duality to solve Problem P4, the Lagrangian of which is given by
where ρ, µ = [µ 1 , . . . , µ K ] 0 and β = [β 1 , . . . , β K ] 0 ( denotes the component-wise inequality) are the Lagrangian multipliers associated with the constraints in (13), (23) , and (24), respectively. Then, the dual function is given by
Lemma 2: To guarantee the dual function is bounded, the following condition is satisfied.
proof 3: Please refer to Appendix C. From Lemma 2, we derive that β i = 1 − µ i . Since β i ≥ 0, we further have that 0 ≤ µ i ≤ 1. The Lagrangian is thus rewritten as (27) and the dual function is then rewritten as G(ρ, µ) = max τ ∈D d L d (τ , ρ, µ) . The dual problem is given by min ρ,0≤µ i ≤1 G(ρ, µ). Denote the maximizer of L d as {τ i } K i=0 , which is given in Theorem 2.
Theorem 2: With the given ρ and µ, we havē
2 ln (2) . The proof for Theorem 2 is similar as that for Theorem 1 and is omitted for simplicity.
With the derivedτ i , ∀i, the sub-gradients of G(ρ, µ), denoted by ν ρ and ν µ i , are given by
(31)
ρ and [µ 1 , . . . , µ K ] are then updated as follows
where α (j) ρ and α (j) µ i are the step sizes for updating ρ and µ i at jth iteration, respectively.
The algorithm to solve Problem P4 is summarized in Algorithm 2. In addition, the complexity of Algorithm 2 is also O(K ) [25] .
Algorithm 2
The Algorithm for Solving Problem P4 1: Initialize (ρ (1) , µ (1) ) and calculate {τ i } K i=0 by (28) and (29). Let ρ * = ρ (1) , µ * = µ (1) and G (1) min = G(ρ (1) , µ (1) ) with j = 1. 2: repeat 3: Set α (j) ρ and α (j) µ i , then compute ν ρ and ν µ i according to (30) and (31), respectively.
4:
Update ρ (j+1) , µ (j+1) i according to (32) and (33), respectively, where i = 1, . . . , K .
5:
Computeτ i , ∀i by (28) and (29). 6: Update the current optimality G (j+1) min = min{G j min , G(ρ (j+1) , µ (j+1) )} and (ρ * , µ * ). 7: j ← j + 1. 8: until convergence is achieved. 9: Obtain τ * i , i = 1, . . . , K by (29) with (ρ * , µ * ). 10: Obtain
IV. DISCUSSIONS
In this section, we discuss the performance comparison between AF and DF modes, and prove that the DF mode outperforms the AF mode in terms of system throughput. The analysis is given as follows. To compare a,i and d,i , it is equivalently to compare γ a,i and γ r,i and compare γ a,i and γ d,i . We first compare γ a,i and γ r,i . According to (5) , γ a,i can be rewritten as
It is obvious that
We then compare γ a,i and γ d,i . γ a,i can also be rewritten as
In summary, we conclude that the DF mode can always achieve a larger system throughput than that of the AF mode.
V. SIMULATION RESULTS
In this section, simulation results are given to evaluate the performance of the proposed schemes. We follow the parameter setting in [16] . The channel power gains from the HAP and R i and from R i to U i are respectively modeled as |h i | 2 = θ 1,i D −α 1 1,i and |g i | 2 = θ 2,i D −α 2 2,i . θ 1,i and θ 2,i describe the short-term fading and are independent exponential random variables with mean unity. D 1,i and D 2,i are the distances between the HAP and R i and between R i and U i , respectively. α 1 and α 2 are path-loss exponents. Unless otherwise stated, we set K = 2, D 1,i = D 2,i = 10 m, α 1 = α 2 = 3.5, η i = 0.6, and σ r,i = σ h = −70 dBm. For performance comparison, the HD schemes proposed in [16] and the equal time allocation schemes are used as the benchmark schemes. Fig. 3 shows the system throughput versus the transmit power of the HAP with P u,i = 25 dBm. It can be observed that as the HAP's transmit power increases, the throughputs of FD and HD schemes all increase. The proposed FD scheme with DF mode always achieves the best performance. This can be explained as follows. For the FD scheme, more energy is harvested such that more information can be forwarded from the users to the HAP. Moreover, since the DF mode is used, the interference from the HAP can be canceled at the relays, which significantly enhances the system throughput. When the HAP's transmit power is lower than a threshold (e.g., 25 dBm), the throughput achieved by the FD scheme with AF mode is larger than those of the HD schemes. However, when the HAP's transmit power exceeds the threshold, the performance achieved by the FD scheme with AF mode is inferior to those of the HD schemes. It is because that the FD scheme with AF mode suffers from the interference at relays and the effect of interference highly depends on the HAP's transmit power. Hence, we conclude that the FD scheme with AF mode can enhance the system performance when the HAP's transmit power is low. The system throughputs achieved by the HD schemes are almost the same due to that the HD schemes are free from the interference caused by the HAP and the noise power at the relays is quite limited. The same observations can also be found in Fig. 6 and Fig. 7 . Fig. 4 investigates the effect of the users' transmit power on the system throughput with P h = 30 dBm. As the users' transmit power increases, the throughput achieved by the FD scheme with DF mode is mostly unchanged. It is because the throughput of each user is mainly limited by the hop between the HAP and R i . However, the throughput of the FD scheme with AF mode increases with the increase of the users' transmit power. It is because γ a,i defined in (5) is an increasing function with respect to P u,i . When the users' transmit power is not smaller than a threshold (e.g., 30 dBm), the throughput achieved by the FD scheme with AF mode is superior to those of the HD schemes. It is because the increment of desired signal power by the FD scheme is large enough to compensate for the interference effect. Moreover, the achieved throughput by the HD schemes are also mostly unchanged. Fig. 5 shows the effect of relays' noise power on the system throughput with P h = 30 dBm and P u,i = 25 dBm. As the relays' noise power increases, we can evidently observe that the throughput achieved by the HD scheme with DF mode is larger than that of the HD scheme with AF mode. It is because when the noise power at relays is large (e.g. larger than −50 dBm), the noise power forwarded to the HAP cannot be negligible, which regrades the system performance. In addition, the throughput of the FD scheme with AF mode is always smaller than that of the HD scheme with DF mode. However, the throughput of the FD scheme with AF mode is larger than that of the HD scheme with AF mode when the noise power exceeds −40 dBm. This observation also indicates the tradeoff between increasing harvested energy and generating interference for the FD scheme with AF mode.
The effect of the distance between the HAP and R 1 on the system throughput is shown in Fig. 6 with P h = 20 dBm and P u,i = 25 dBm. We observe that system throughputs of all schemes are decreasing functions with respect to the distance. It is because as the distance increases, the throughput of U 1 reduces. Comparing with the throughputs of the HD schemes, as the distance increases, the system throughput of the FD scheme with AF mode is first smaller, then larger, and finally smaller again. This can be explained as follows. When the distance is small (e.g., 6 m), the interference is quite large and seriously degrades the system throughput. As the distance increases, the interference effect becomes to be weaker and may be compensated by performance enhancement offered by the FD scheme. However, when the distance is larger than a threshold (e.g., 18 m), the system throughput is mainly dominated by U 2 and the interference at R 2 also degrades the throughput of U 2 . Hence, we can conclude that setting feasible distances between the HAP and relays can enhance system performance of the FD scheme with AF mode. Fig. 7 investigates the system throughput over the number of users with P h = 30 dBm and P u,i = 25 dBm. It is observed that as the number of users increases, the system throughput increases but the increment speed gradually becomes lower. It is obvious that the FD scheme with DF mode always achieves the largest system throughput regardless of the number of users. The system throughput of the FD scheme with AF mode is larger than those of the HD schemes when the number of users is not less than a threshold (e.g., four users). This can be explained as follows. Adding more users reduces the allocated time for each user, which results in the improvement of the transmit power of relays and then leads to the improvement of SNRs at the HAP. Fig. 8 depicts the system throughput under different time allocation schemes versus the HAP's transmit power. It is obvious that the FD schemes under optimal time allocation can achieve a better performance than those under equal time allocation, which shows that the optimal time allocation plays an important role in performance enhancement. However, if the HAP's transmit power is larger enough (e.g., 35 dBm), the throughput of the FD scheme with AF mode under optimal time allocation is smaller than that of the FD scheme with DF mode under equal time allocation. The reason is that the system throughput boost offered by the optimal time allocation can not compensate for the increment of interference for the FD scheme with AF mode. Fig. 9 depicts the system throughput under different time allocation schemes versus the users' transmit power. Similar as the observations in Fig. 4 , the throughputs of DF mode under optimal time allocation or equal time allocation mostly keep constant. While, the throughputs of the AF mode are increasing functions of the users' transmit power. If the users' transmit power exceeds 25 dBm, the throughput of the FD scheme with AF mode under optimal time allocation is larger than that of the FD scheme with DF mode under equal time allocation. The reason is that the system throughput boost offered by the optimal time allocation and increment of users' transmit power can compensate for the interference from HAP.
VI. CONCLUSION
In this paper, we have proposed a new type of DH-WPCN where a FD-HAP is adopted such that the HAP can simultaneously transmit energy to the relays and receive information from the users via the relays. Under this setting, energy harvesting times of relays and information forwarding efficiency can be maximized. We have considered both cases that the relays work in the AF and DF modes. For each case, we have investigated the system throughput maximization problems by optimizing the time allocation between the DL energy transfer and UL information transmission, and proposed the low-complexity algorithm to derive the optimal time allocation strategy. In addition, we have proved that the DF mode can achieve a better system performance than that of the AF mode theoretically due to that the relays under the AF mode suffer from the interference from the HAP. Through numerical simulations, we have demonstrated that the performance of the proposed scheme is superior to that of the benchmark schemes.
APPENDIX A PROOF OF LEMMA 1
We first show that a,i is a concave function with respect to τ i . The second derivative of a,i is given by Since τ i ≥ 0, A a,i ≥ 0, and B a,i ≥ 0, it is easy to prove that ∂ 2 a,i ∂τ i 2 ≤ 0. This thus proves that a,i is a concave function with respect to τ i . Due to that the summation of concave functions preserves convexity, the objective function of Problem P2 is thus a concave function with respect to τ . Moreover, the constraints in (12) and (13) are both affine. Hence, Problem P2 is a convex optimization problem [22] .
APPENDIX B PROOF OF THEOREM 1
We first solve (18) for i = 0. It is obvious that (18) is a linear function with respect to τ 0 . Since 0 ≤ τ 0 ≤ 1, we can derive thatτ 0 = 1 if −λ > 0 andτ 0 = 0 if −λ ≤ 0, which is given in (19) . Then, we studyτ i by solving (18) for i = 1, . . . , K . By setting ∂L i ∂τ i = 0, we have
where ξ i = 1 τ i ≥ 1. It is easy to derive that f i (ξ i ) is an increasing function with respect to ξ i . Hence, we can derive that , there is a unique solution ξ * i ≥ 1 satisfying (37). Then, we deriveτ i as given in (20) . This thus proves Theorem 1.
APPENDIX C PROOF OF LEMMA 2
Lemma 2 is proved by contradiction. We suppose that 1 > µ i + β i (1 < µ i + β i ). By setting d,i → +∞ ( d,i → −∞), we derive that G(ρ, µ, β) → ∞. This contradicts with the condition that G(ρ, µ, β) < ∞. Hence, we can derive that 1 = µ i + β i . This thus proves Lemma 2.
